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Abstract

Let R be a commutative ring and F1, ..., Fj; be derivations of R
which are defined in terms of derivations D1, ..., Dy which commute
with each other. In this paper we examine the problem of rewriting
expressions involving the Ey,..., Eys in terms of the Dy,..., Dy in
such a way as to handle efficiently any cancellation occuring due to
the commuting of the Dq,..., Dy. Roughly speaking we introduce a
data structure which allows us to organize the computation in such
a way as to take advantage of the symmetries in the expression and
reduce the operation count.

1 Introduction

Let R be a commutative ring with a unit element. A derivation of R is a
map D of R to itself satisfying

D(a+0b) = D(a)+ D(b)
D(ab) = aD(b)+ bD(a) for all a,b € R.

Let Dy,..., Dy be N commuting derivations of R; that is fori,5 =1,..., N,

DZ'DJ‘CL = DjDiCL, for all a € R.
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Suppose that we are also given M derivations Fjy,..., Fy; of R which can
be expressed as R—linear combinations of the former derivations; that is for
j=1,....M,

N
E; = Z ag»‘Du, where a? € R.
pn=1

We are interested in performing efficient computations involving the higher
order derivations generated by the Fj,..., Eys. Such higher order deriva-
tions can be expressed in terms of the commuting derivations D1, ..., Dy,
but often times this rewriting involves cancellation. In this paper we exam-
ine the problem of rewriting expressions involving the F1,..., Fj; in terms
of the Dy,..., Dy in such a way as to efficiently handle any cancellation
occuring due to the commuting of the Dy,..., Dy. Roughly speaking we in-
troduce a data structure which allows us to organize the computation in such
a way as to take advantage of the symmetries in the higher order derivation
and reduce the operation count.
An important example is when R = C>®(RY),

D1 = 8/81‘1,...,DN = 6/8.%‘]\7,

and F1,..., Eyr are first order differential operators, viewed as derivations
of R. In this case a higher order derivation generated by FEi,...,FEy is
simply a differential operator generated by the vector fields Fi,..., E.
More generally, let E1,..., Eyr be vector fields defined on a manifold M,
viewed as derivations of the ring of smooth functions R = C*°(M) on M,
and let

D1 = 8/8:171,...,DN = 8/8$N,

where x1,...,z N are a system of local coordinates. The study of such dif-
ferential operators began with [2].

In the remainder of this section we give a more precise statement of the
problem. This requires some additional notation. Let K denote a subring
of R with the property

Dya=0,...,Dnya=0, forallaec K,

and let
K<Eq,...,Ey>

denote the free associative K-algebra over the set consisting of F1,..., Fy;.
Ifpe K<Fy,...,Epy>, then

L:p(ElavEM)



is a K—linear map of R. This map may be thought of as a higher order
derivation of R generated by the Ei,..., Ey. Let Diff (Dq,...,Dy; R) de-
note the space of formal linear differential operators with coefficients from
R; that is Diff (Dq,..., Dy; R) consists of all formal expressions

N N
L= Z Dy + Z Ay o Dps Dy
pn1=1 p1,p2=1

N
+ .+ Z aMhn-y/ﬂcD#k'”Dﬂla
M1y pbp=1

where a,,, apy pos - O, € R We say that L € Diff (Dq,...,Dy; R)
and L' € Diff (Dy,...,Dy; R) agree if

L(a) = L'(a), for all a € R.

Fix an element p € K<FEj,...,Ey> and suppose that p contains [
terms, each of which is homogeneous of degree m. If we make the substitution

N
E; = Z ag»‘Du, where a? € R,

pn=1
in the expression p, and use the fact that Dy, ..., Dy are derivations of R, we
get a differential operator L# € Diff (Dy,..., Dy; R). Tt is easy to see that
L# contains Im! N™ terms involving D1, ..., Dy. In this paper we discuss

the question whether we can find an operator L € Diff (Dy,...,Dy;R)
which agrees with L#, but which requires fewer operations involving the
derivations D1,...,Dy. We show that such an L does indeed exist in case
p has a certain symmetry, which we call a symmetry decomposition. In §5
we give the exact definitions and prove the following theorem.

Theorem 1.1 Fix an expression p € K< FE1,...,Ey > which is homoge-
neous of degree m. Let L#* € Diff (Dy,...,Dn; R) denote the differential
operator obtained by the substitution

N
Ej =Y da;D,.
pn=1

Assume that p has a symmetry decomposition. Then there exists a differen-
tial operator L such that (i) L involves

cN™



fewer occurrences of terms containing Dy, ..., Dy than does L7 (i) the
higher order derivations L¥# and L agree. Here ¢ is a constant depending
upon the symmetry decomposition.

We end this section with some remarks.

1. In §5 we give an algorithm to compute L. It is important to note
that this algorithm does not require the explicit identification of the
symmetry decomposition; rather, if such a symmetry decomposition
is present the differential operator L produced by the algorithm will
contain fewer terms than the differential operator L#.

2. The table below details the reduction in the number of terms for three
different expressions. The last column lists the number of terms which
either cancel or combine: these terms need not be computed. We hope
to return in a later paper to the classification of those expressions in
FEh, ..., Ep which result in cancellation or combination when they are
written in terms of the Dq,..., Dy. In this paper we simply point out
that Lie brackets are expessions of this type and that is easy to write
down other such expressions as in the table.

expression \L#| |L| |L¥|—|L]
EsE| — E1F, 4N?2 2N?2 2N?2
Es3FsF] + E3E1Es 12N3 6N2 6N3

EsEsEy — F3F\Fy — ExE1Es + EyFEyFs  24N3  6N3  18N3

Here |L| denotes the number of terms comprising the differential op-
erator L.

3. We anticipate that the ideas in this paper may be applied to symbolic
computations involving differential operators defined in terms of vector
fields, such as in [2]; to symbolic calculations involving Lie brackets,
such as occur in control theory [1]; and to symbolic calculation of
Poisson brackets, such as occur in mechanics [3].

2 Orchards

In this section we describe a data structure that is useful for computations
involving higher order derivations. We will be concerned with sets of rooted
trees. Recall that a graph consists of a set of vertices and a set of edges. A



graph is undirected in case each edge consists of an unordered pair of distinct
vertices. We say two vertices are adjacent in case they are connected by an
edge. A path consists of a sequence of distinct, adjacent vertices, and a
cycle is a path whose initial and final vertices are the same and which does
not intersect itself. A tree is an undirected graph which is connected and
does not contain any cycles. A tree is rooted in case there is a distinguished
vertex called a root. We will call the vertices of a tree nodes. See [4] for
a careful discussion of these concepts as well as any unexplained notation
concerning trees.

Definition. We define H,, to be the set of all rooted trees h consisting of
m + 1 nodes together with a map

k:nodes h — {0,1,...,m}
satisfying
1. k is bijective
2. v a child of w implies k(v) > k(w), where v, w € nodes h.

That is, H,, consists of all heaps on m + 1 nodes with keys k. Put

H= ] Hp.
m>0
From now on we identify a node v with its heap name j € {0,...,m} via
the map k.
Let E1,..., Epy be M arbitrary symbols. Given a heap h € H,,, let
hE,,...,E,)

denote the labeled heap whose node with heap name j also has the label
E, €{E1,...,Eu},
for j =1,...,m. Denote the set of all such labeled heaps by
LH,, = LH,,(E,...,Ey)

and put
LH =LH(E:,....Ex) = |J LHn(Ey, ..., En).
m>0
We say that h € LH(E, ..., E)yr) is homogeneous of degree m in case h €
LH,(FE1,...,En).
We now describe a way of putting an algebraic structure on a set of trees
T. Usually T will consist of an infinite set of trees.



Definition. Let K be a commutative ring with a unit element. We define
O(T) to be the set consisting of all maps

c: T — K

with the property that o(t) = 0, for all but a finite number of the t € T.
This is an K —module and its elements are called orchards. Let |o| denote
the number nonzero coefficients o(t); that is

lo| =#{t €T :0(t) #0}.
In this paper we will usually let T'= LH(E1, ..., Ey).

We end this section by defining a multiplication in O(LH(Ey, ..., Eyr)).
Fix labeled heaps

h(Ey,,...,E
ho(Eyy, ..., E

Mmo

€ LHp, (E1,...,Ey)
€ LHp,(E1,...,Ey).

Definition. The product
hoohy € O(LH(El, c. ,EM))
of two orchards is defined as follows

Step 1. Recall that each node of heap ho has a name 0,1, ..., ms and each
node of heap h; has a name 0,1,...,m;. We rename the names of
heap 2 as follows:

old name 1 2 S My
new name mij+1 mi+2 -+ m;+mo
label E,, E,, e By

We keep the names and nodes of hq the same.

Step 2. Delete the root of hy. This produces several subtrees tq, ..., with
roots ci,...,c;. We write this as

deleteroot hy = {t1,...,1;}.

Step 3. Choose [ nodes of hy, allowing repetition; that is, choose ny,...,n; €
(nodes hy)'".



Step 4. Form the new tree obtained by linking each root ¢; to the node n;,
for j =1,...,1. This is not merely a tree but also a heap, denoted

link(tl, ..

'atl;nla-"anl)'

Step 5. Form an orchard by summing over all possible choices of nodes
ni,...,n; in step 3. This defines the circle product of the labeled

heaps h; and ho:

h20h1:

link(t1,...,t;3n1,...,m),

ni,...,nemodes hy)'

where deleteroot ho = {t1,...

9

t1}.

Step 6. Finally we complete the definition by extending the operation o to
all of O(LH(E1, ..., Ey)) by K—linearity.

Lemma 2.1 (i) The operation o is associative. (ii) The space of orchards
O(LH(E,...,Ey))is a K—algebra with respect to the operations o and ad-

dition.

Proof. Recall that a heap is characterized by a table listing the parents of

the nodes. For example

node parent

= w N = O

5

WO o=

2

is an element of Hs. Notice that one of the nodes does not have a parent:

this is denoted with an 0.

Let hj € Hyp,, for j =1,2,3. The product

h3 (¢] (hg (¢} hl)



contains heaps of the form

node parent
0 0
1 *
mi *
(root ) 0
mi+1 *
mi + mo *
(root ) 0
m1 +mo +1 *
m1 +mg +ms *

This table uses a number of conventions which we now describe. We use a
dashed line to indicate which heaps the nodes belonged to before the product
was formed. We say that all the nodes above the first dashed line belong to
the first layer; that all the nodes between the two dashed lines belong to the
second layer, etc. For example all nodes from the third layer were originally
elements of hs. If a node is enclosed in parentheses, that indicates that it
was a node of one of the heaps comprising the product, but was deleted
during the formation of the product. As already remarked, a () indicates
that a node has no parent. Finally a * is used to indicate the name of any
node higher up in the table. For example the first table says that node 3 is
the parent of node 4. With this notation we could replace the 3 with a *,
since 3 occurs above 4 in the first column of the table.
We will show that

hg e} (hg 9] hl) = (hg ©) hg) o hl.

Given a term h € hz o (hg o hy), we will show that h € (hs o hg) o h; also.
Notice that the table consists of three layers, corresponding to the three
heaps hi, ho, hg, and that the operation o simply consists of replacing any
* which is a 0 with the names of all the nodes in the layer(s) above it in
the table and forming the corresponding heaps. For example in computing
hs o (hg o hy), the *’s in hg which are 0 are replaced with the names of



nodes in the two layers above. If the node is in the segment immediately
above corresponding to ho, then it is clear that such a heap is formed when
computing (hs o ha) o hy. On the other hand if the node is in the segment
corresponding to hp, then this heap does not correspond to any term in the
sum hg o hy. In this case the * can first be replaced by 0, corresponding
to the root of hs, and then replaced by the proper node from h; when
computing (hsohg)ohy. This verifies the assertion made at the beginning of
the paragraph. The opposite inclusion is proved in the same way. We have
shown assertion (i) of the lemma; the other assertion now follows at once. ||

3 From K<E,...,Ey> to orchards

In this section we show how computational problems involving higher order
derivations can be translated into problems involving orchards. We begin
by defining a map

¢: K<Fy,...,Eyy>— O(LH(Eq,...,Ey)).
Step 1. Fix a monomial p € K < FE1,..., Ey > of the form

- E

E’Y 71

.
Define

¢(Ey,, - Eyy) = @ h(Ey,...,E,,)).
heLH,(Ey, ..., Ey)

Step 2. Extend the map ¢ to all of K < FEjy,..., Ey > by K—linearity.

Lemma 3.1

@ h' = @ @ attach(m,v)

neH,, heH,,_1 venodes h

where attach(m,v) is the heap which arises when the node with name m is
attached to node v of a heap in Hp,_1.

Proof. Given a heap I/ € H,,, we obtain a heap h € H,,_1 by removing
the node labeled m. Since the heaps h € H,,_1 are distinct so are the heaps
we obtain by attaching the node labeled m to a node v of h. |}

Theorem 3.1 The map ¢ is a K—algebra homomorphism.



Proof. Let v = (71,...,7m,) and define

Ey = E’le ’ "E'Yl‘

Let 6 = (01,...,0m,). and define Ej similarly.
It is clear that

¢(Ey + Es) = ¢(Ey) + ¢(Es).
We need only prove that
¢(E'y - Es) = ¢(Ev) o ¢(Es).

We do this by induction on the length of the multi-index . If m; = 1,
the assertion follows from lemma 1. Assume the assertion is true for m =
1,...,m;. We compute

d(Ey) o p(Es) = ¢(E7m1+1 ++Ey)) 0 ¢(Espy -+ Es1)
= ¢(Ey, 1) 0 0(Ey,, -+ Eyy) 0 ¢(Esp, -+ Esp)
= ¢(E7m1+1)0¢(E'ym1 By Espy - Esy)
- ¢(E7m1+1 By By e FEs1)

showing that the assertion holds for m = mj + 1. |

4 From orchards to Diff (Dy,..., Dy; R)
In this section we define a map

v:O(LH(E,...,Ey)) — Diff (Dy,...,Dn; R)
We do this in several steps.

Step 1. Let h € LH,,(E1,...,Ey) and let k € nodes h, and suppose that
[,...,I' are the children of k. Fix pyy, ..., puy with

0<p, ..,y <N

and define

Ry (ks ypwr) = Dy Dy, abk if k is not the root

= Dy, Dy, if k is the root .

We abbreviate this to Ry (k) or R(k).

10



Step 2. Define

w(h)= > R(m)--R(1)R(0).
M1y -5 Um

Step 3. Extend ¢ to all O(LH(E\,..., Ey))by K—linearity.

Lemma 4.1 Supposep(E1,...,Ey) € K<Ey,...,Ey> and L7 € Diff(Dy, ...

1s the corresponding derivation defined by the substitution

N
Ej =Y a;D,.
p=1
Then
L#(a) = (0 (p(Er, ... En)))(a).
Proof. We need only prove the lemma when p is a monomial. Let
p=FE,, - E,

Assume m = 1. Then
¢(E71) =

and

N
w( )= akiDy,

p1=1
We now prove the lemma by induction. Assume the lemma holds for
m/ =1,...,m — 1. Then we claim that
N
(3w D) S i D)o (S ot
Hm=1 um—1=1 u1=1

which is L#(a), is equal to

_ Z atm D, @ hWEy, ..., Ey, _1))(a)
pm=1 heLHmf1(E1,---7EM)

= ZafyL:n"Dum( Z Y(h(Eyqs - By 1)) a)
Hm heLHm_l(El,...,EM>

- ¥ 3 atm Dy, (Bn(m — 1) - - By (0))(a)

Hom heLHmfl(Eb s 7EM)

11



+ > > atm Ry (m — 1) -+ (Dy,,, Rn(0))(a)
Hom hGLHmfl(El, . ,EM)
= > Ry (m) -+ Ry (0)(a)
h’ELHm<E1, e 7E‘]M)
= T/}(¢(E7m"'E71))(a)

Here h' € LH,,(E1, ..., Ey) is obtained from h € LHy,_1(FE1,...,Ey) by
attaching the node labeled m to each node v of i/, as in lemma 3.1. |

The map 1 from orchards to Diff (Dy, ..., Dy; R) is not injective. This
is because the derivations D; commute. We conclude this section by de-
scribing some elements of the kernel. Let LT,,(E,..., Ey) denote the set
of all rooted trees g consisting of m 4 1 labeled nodes. We will always label
the nodes with the symbols Ff, ..., E; sometimes we write

g(Evl, ... ,Evm)

to indicate which symbols label the nodes. Note that the notation does not
indicate which node carries which label. Let O(LT,,(E1,...,Ey)) denote
the orchard defined on the set LT,,(E1,...,Ey). Put

LT(Ey,...,Ey) = |J LTw(Er,...,En)

m2>0

and let O(LT(E1,..., Ey)) denote the corresponding orchard.
There is a natural map

X+ O(LH(ED s aEM)) - O(LT(Elv s EM))a
which is defined as follows.

Step 1. If h € LH,,(E\,...,Ey), then define x(h) to be the element of
LT,,(E1,..., Ey) obtained by ignoring the heap names of the nodes
of h. That is, a labeled heap is a labeled tree together with heap
names attached to the nodes and the map x simply drops the heap
names.

Step 2. Extend x to all of O(LH(Ex,. .., Ey)) by K—linearity.

12



Lemma 4.2 Let h,h' € LH,,(F1,...,EN) be two labeled heaps with the
property x(h) = x(I'). Then 1(h) = ¥ (R').

Proof. We use the notation introduced at the beginning of the section and
write

G(M(Eyy, - Byy)) = Y R, pin) - R(O; s i)
V(W (Eyy, ..., Ey,)) = ZS(m;Vl,...,l/m)...R(O;Vl,...,Vm).

Recall that if a node k has children [,...,[’, then

R(knuhnu’m) :Dul"'Dul/ax}:;

S(k;vi,...,vp) is defined similarly
S(k;vi, ... vm) = Dy -+ Dy, ak.

Observe that the heap names of the nodes simply provide dummy indices
— W1y, i for hand vq,..., v, for ' — which are used to write out the
differential operators in Diff (Dy,..., Dy; R) corresponding to the heaps
h and h'. Therefore if the underlying labeled trees are the same, then the
differential operators in Diff (Dy,..., Dy; R) will be equal; that is x(h) =
x(h') implies ¥(h) = 1(h’) as asserted. ||

5 Symmetries of Orchards

Let 0 € O(LHn(E1,...,Eyn)) be an orchard on labeled heaps which are
homogeneous of degree m. We say that o has a symmetry decomposition in
case

l.o=174+p
2. x(r)=0.

In this section we show how symmetry decompositions can be used to reduce
the operation counts of computations involving higher order derivations.

Consider the number of derivations D, which arise in the evaluation of
a higher order derivation

p(E1,...,EM), where p e K<FEq,...,Ep>.

13



Recall that substituting
N
Ej =Y a;D,
pn=1

into p(E1, ..., Ey) produces a higher order derivation L# € Diff(D1, ..., Dy; R).
Because the derivations D,, commute, the higher order derivation L# will

in general involve some cancellation, so that it makes sense to ask whether
there is another higher order derivation L which agrees with L# and involves
fewer terms. We will show that this is the case under the assumption that
there is a symmetry decomposition of the corresponding orchard. Recall
that if the orchard 7 can be written

T = ZT(h)h, where 7(h) € K, and h € LH,,(F1,...,Ey),
h

then |7| denotes the number of heaps h such that the corresponding coeffi-
cient of the orchard 7(h) is nonzero.

Theorem 5.1 Fiz an expression p € K<Fy,...,Ey> which is homo-
geneous of degree m and let o = ¢(p) be the corresponding orchard. Let
L# € Diff (D1,...,Dn; R) be the differential operator obtained by the sub-
stitution

N
Ej =) a{D,.
p=1

Assume that
o=T+p

is a symmetry decomposition of o and let L = 1(p). Then (i) L involves
|| N

fewer occurrences of terms containing D1, ..., Dy than does L and (ii) the
higher order derivations L and L agree.

Proof. All the work has already been done. Since
oc=T+p

is a symmetry decomposition, we have x(7) = 0. Hence by lemma 4.2,
(1) = 0, and there will be |7| N™ fewer occurrences of terms containing
Dy,...,Dy. By lemma 4.1 L# and L agree. This proves the theorem. |

Theorem 1.1 is an immediate corollary of this theorm.
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6 Example

In this section we present a simple example of a computation of a second
order derivation in terms of orchards. Fix two derivations

N
Ey = Y d/D,
pn=1

N
Ey = Y ahD,,
p=1

where a;f € R, for j =1,2.
Consider the higher order derivation L = p(FE1, Es), where the noncom-
muting polynomial p is of the form

D= E1E2 — E2E1.

Then L = E1FEs — EsFq. This may be written in terms of the commuting
derivations D, as

# M2 fi1 12 M1
L7 = Z ay ay Dy, Dy, + Z ay?* (Dyyay’ ) Dy,
1,142 H1,p42
M2 1 2 1
- Z Qg ay DM2DM1 - Z ) (D,uzal )Dm
H1,042 H1,H2

The orchard o = ¢(p) corresponding to p is

15



The orchard ¢ has a symmetry decomposition ¢ = 7 4 p, where

Since x(7) = 0, the higher order derivation L = 1(p) agrees with L. The
derivation L has the form

_ M2 M1 12 M1
L= Z ay (D,uzaQ )Dm - Z ) (D,u2a1 )Dm
K152 M52

and contains 2N? fewer products of the form D,, D, than does L.
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