
Ab,l

x,2 x,3

b,4 b,5

Figure 2:

The tree is sent by @to the following first order differential
operator

@l=l,..., P5=l

N

Here DP is equal to & and a node is labeled with a

symbol together with an integer indicating the subscript

of its summation index.

Remark 3.2 Since A is generated by symbols F, G,

. . . representing derivations of R, there is natural map

X: A--+ Endk R

defined by sending the formal expression to the higher

order derivation of R it represents. The maps are

defined so that the following diagram commutes:

A+B

\l (6)

Endh R

Remark 3,3 Simple examples involving the simplifi-

cation of expressions in A, such as arised in the first

section, show that it is often more efficient to com-

pute using the algebra B than directly in the algebra

A.

4 Some Applications

In this section, we describe two applications of the

Cayley algebra of trees to the symbolic computa-
tion of expressions arising in the analysis of Duffing’s

Equation 3 described in Section 2.

Example 4.1 We begin by describing how the alge-

bra of Cayley trees can be used to compute conserved

functions. Figure 3 illustrates the Cayley trees asso-

ciated with 4(F). Figure 4 illustrates some of the
trees that arise when computing F . F. Denote the

sum of trees in Figure 4

~ of the form

N

f=fo+ ~.fp,d”

by u. Then ~(a) ~~ = O, for

N

+ ~ f,l,,,xp’x”’

P1=l, P2=1

Figure 3:

The image 4(F) of the Duffing operator in the algebra

of Cayley trees. Note that b; = –VI, b; = 1, b~ll =

–VZ, and all the other coefficients are O.

Figure 4:

Some of the trees in the Cayley algebra that arise

when computing F . F.

yields

pi,...,pe=l
N

Here IV = 2. The equations for the other trees arising

in F . F are handled in the same way. Note that this

calculus can be used in this way to compute whether

a given function f i,s conserved to a specified order

and to compute the equations specifying the relations

among the coefficients for a function f with undeter-

mined coefficients.

Example 4.2 In this example, we show how the Cay-

ley calculus of trees can be used to derive specialized

integration algorithms. First view the differential op-

erator F specifying the dynamics of the Duffing sys-

tem as the sum of two operators I’. + F1, where

(3 a
F. = XZ—– —

axl ‘lX1 ax2

F1 =
a

a(z)—,
ax2

a(x) = –?72Z; .

Note that the system x = F. (x(t)) is a linear system

and can be explicitly integrated. “Freezing” the coef-
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ficient a(z) of F1, yields a system F which is explicitly

integrable. Let

~(~)(Y) = FO+ dy)~l

denote this sytem and let tI+ z(t)= exp(Y(F)(y)] “

X“ denote the corresponding solution through the ini-

tial point Z“. The computation of ~(t) does not re-

quire an integration, but simply the evaluation of a
sine and cosine. Consider now a multi-step integra-

tion algorithm of the form

~k+l
= exp(6a07(F)(#)) exp(6alX(F)(xk-1))

. exp(&&(F)(&-2)) exp(6a3F(F)(~k))#.

To determine the constants ~i c R, we can simply

use the Cayley algebra of trees to compute

(TF-G). (zY), p=l,...,lv,

where

G = exp(tiao~(~)(xk ) exp(6a17(F)(~k-1 )
1 1. exp(6cr2F(F)(z ‘2)) exp(60&(F)(z ))

and we view x~ as a coordinate function. This gives

equations for the unknown CYi. It turns out that

17 –4 5 121

‘o=ti’ al=y’ a2=fi’ ‘3=72
—.

See [7] and [8] for a further description of these types

of algorithms.
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