


ficient a(z) of F, yields a system F which is explicitly
integrable. Let

F(F)(y) = Fo +a(y)Fy

denote this sytem and let ¢ — 2(t) = exp(F(F)(y)) -
z° denote the corresponding solution through the ini-
tial point 2°. The computation of z(t) does not re-
quire an integration, but simply the evaluation of a
sine and cosine. Consider now a multi-step integra-
tion algorithm of the form

$k+1 =

exp(bao F (F)(2*)) exp(6cy F(F)(2*~1))

-exp(6aa F(F)(z"~?)) exp(Saz F(F)(z*))z*.

To determine the constants a; € R, we can simply
use the Cayley algebra of trees to compute

(TF-G)-(z*), p=1,... N,

where

G

exp(&aof(F)(xkg) exp(6a1.7-'(F)(wk"12)
-exp(Saa F(F)(z*~2)) exp(§asF(F)(2*))

and we view z# as a coordinate function. This gives
equations for the unknown ¢;. It turns out that
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« a; = —4 =2 =
0 1= 3 az = 12’ a3 =
See [7] and [8] for a further description of these types

of algorithms.

References

(1] 3. C. Butcher, “An order bound for Runge-
Kutta methods,” STAM J. Numerical Analysis,
12 (1975), pp. 304-315.

(2] J. C. Butcher, The Numerical Analysis of Ords-

nary Differential Equations, John Wiley, 1986.
[3] A. Cayley, “On the theory of the analytical forms
called trees,” in Collected Mathematical Papers
of Arthur Cayley, Cambridge Univ. Press, Cam-
bridge, 1890, Vol. 3, pp. 242-246.
[4] A. Cayley, “On the analytical forms called trees.
Second part,” in Collected Mathematical Papers
of Arthur Cayley, Cambridge Univ. Press, Cam-
bridge, 1891, Vol. 4, pp. 112-115.

A. Chorin, T. J. R. Hughes, J. E. Marsden, and
M. McCracken, “Product Formulas and Numer-
ical Algorithms,” Comm. Pure and Appl. Math.,
Vol. 31, pp. 205-256, 1978.

93

[6] G. Chen, J. Della Dora, L. Stolovitch, “Nilpo-
tent normal form via Carleman linearization,”
Proceedings of 1991 International Symposium
on Symbolic and Algebraic Computation, ACM,
1991, pp. 281-288.

P. E. Crouch and R. L. Grossman, “Numerical
integration of ordinary differential equations on
manifolds,” submitted to Journal of Nonlinear
Science.

P. E. Crouch, R. L. Grossman, and R. G. Lar-
son, “Trees, bialgebras, and intrinsic numerical
algorithms,” Laboratory for Advanced Comput-
ing Technical Report Number LAC90-R23, Uni-
versity of Illinois at Chicago, May, 1990.

P. Crouch, R. Grossman, and R. G. Larson,
“Computations involving differential operators
and their actions on functions,” Proceedings of
1991 International Symposium on Symbolic and
Algebraic Computation, ACM, 1991, pp. 301-
307.

[7]

[9]

[10] R. Grossman and R. Larson, “Hopf algebraic
structures of families of trees,” J. Algebra, Vol.

26 (1989), pp. 184-210.

R. Grossman and R. Larson, “Solving nonlinear
equations from higher order derivations in linear
stages,” Advances in Mathematics, Vol. 82, pp.
180-202, 1990.

(11]

[12] R. Grossman and R. Larson, “The symbolic
computation of derivations using labeled trees,”

Journal of Symbolic Computation, to appear.

[13] J. Guckenheimer and P. Holmes, Nonlinear Os-
cillations, Dynamical Systems, and Bifurcations

of Vector Fields, Springer, 1984, pp. 138-145.

[14] P. Leroux and X. G. Viennot, “Combinatorial
resolution of systems of differential equations,
I: Ordinary differential equations,” in Combi-
natoire E"nume’rative, UQAM 1985, Proceedings,
Lecture Notes in Mathematics, Volume 1234,

Springer-Verlag, 1986, pp. 210-245.

[15] P. Leroux and X. G. Viennot, “Combinatorial
systmes of differential equations, IV: Separa-
tion of variables,” in Proceedings of First Japan
Conference on Graph Theory and Applications,
June, 1986, Discrete Mathematics, Volume 72,

pp. 237-250, 1988.

P. Leroux and X. G. Viennot, “A combina-
torial approach to nonlinear functional expan-

sions,” 27th Conference on Decision and Con-
trol, Austin, Texas, pp. 1314-1319, 1988.

[16]



[17] F. Schwarz, “Existence theorems for polynomial
first integrals,” in Proceedings of 1991 Inter-
national Symposium on Symbolic and Algebraic
Compuiation, ACM, 1991, pp. 256-264.

94



